We formulate an anisotropic nonlocal theory of the space charge field induced by the coherent counterpropagating beams in biased photorefractive crystals. We establish that the competition between the drift and diffusion terms has to be taken into account when the crystal ĉ axis is tilted with respect to the propagation direction of the beams. We demonstrate that this configuration combines the features of both spatial soliton formation without energy exchange and two-wave mixing with energy exchange leading to pattern formation. Coherent interaction of counterpropagating ͑CP͒ light beams in Kerr-type and photorefractive ͑PR͒ media has been treated in a number of papers ͓1-7͔, using mainly an isotropic and local approximation to the nonlinear response of the medium. This means that the change in the refractive index, caused by light, is spatially isotropic and depends locally on the light intensity. It has been shown, however, that the agreement between theoretical predictions and experimental results in PR crystals can be improved by using an anisotropic nonlocal model for the nonlinearity ͓8͔. The change in the refractive index at one point then depends on the intensity distribution at other points, and it includes a directional dependence on the applied electric field, which is necessary for the screening effect. Still, an exact isotropic local theory was formulated only for the one-transverse-dimensional ͑1D͒ copropagating beams in PR crystals ͓9͔.
Coherent interaction of counterpropagating ͑CP͒ light beams in Kerr-type and photorefractive ͑PR͒ media has been treated in a number of papers ͓1-7͔, using mainly an isotropic and local approximation to the nonlinear response of the medium. This means that the change in the refractive index, caused by light, is spatially isotropic and depends locally on the light intensity. It has been shown, however, that the agreement between theoretical predictions and experimental results in PR crystals can be improved by using an anisotropic nonlocal model for the nonlinearity ͓8͔. The change in the refractive index at one point then depends on the intensity distribution at other points, and it includes a directional dependence on the applied electric field, which is necessary for the screening effect. Still, an exact isotropic local theory was formulated only for the one-transverse-dimensional ͑1D͒ copropagating beams in PR crystals ͓9͔.
Here we formulate an anisotropic nonlocal theory of the space charge field induced by the coherent counterpropagating beams in biased PR crystals. We show that the anisotropic nonlocal theory yields significantly different results from the isotropic local model, especially when the crystal ĉ axis is tilted with respect to the direction of propagation of the beams. We demonstrate that a more complete description of counterpropagating beams requires inclusion of both the drift and diffusion terms.
We assume that the optical electric field is given as the sum of slowly varying amplitudes F exp͑ikz͒ + B exp͑−ikz͒ + c.c., k being the wave vector in the crystal, and F and B the envelopes of the beams counterpropagating along the z axis. The light intensity, after averaging in time, builds an interference pattern of the form
where I 0 = ͉F͉ 2 + ͉B͉ 2 is the homogeneous light intensity and is the degree of beam coherence ͑ = 1 for fully coherent and 0 for fully incoherent beams͒. This pattern modulates the space charge field in the crystal and generates a reflectiontype grating in the index of refraction. Our aim is to evaluate the strength of this grating and its phase shift relative to the intensity interference pattern, and to investigate its influence on the propagation of beams. We expect both the strength and the phase to depend on the angle ␣ between the beams' direction of propagation and the crystal ĉ axis.
We choose the z axis to be parallel to the beams' direction of propagation. To utilize the largest component of the electro-optic tensor for soliton formation, the beams' polarization is chosen to lie in the plane of the ĉ axis and the z axis. The external electric field is applied parallel to the ĉ axis. Hence, we assume that the beams in the transverse plane are localized in the x direction and that the space charge field is confined to the x-z plane ͑1D geometry͒. It presents no difficulty to extend our results to two transverse dimensions. Figure 1 depicts the geometry of the problem.
For incoherent beams ͑ =0͒ the space charge field consists only of a homogeneous component E sc ͑r͒ = E 0 ͑r͒, where r = xx + zz, and x and z are the unit vectors. For coherent beams the interference pattern induces an additional modulation of the electric potential generated by the separated space charges in the medium, proportional to :
Here the fast and slow oscillations in the z direction are separated in the leading order, by introducing the slowly varying envelope + of the potential, with ‫ץ͉‬ z + ͑r͉͒ Ӷ 2k͉ + ͑r͉͒. The potential generates the space charge field, which also consists of a modulated and an unmodulated part: E sc = E 0 + E + ͓exp͑i2kz͒ + c.c.͔. Thus we have E 0 = ١ 0 and E + = xE x + zE z = x‫ץ‬ x + + zki + , where ١ = x‫ץ‬ x + z‫ץ‬ z . The charge distribution inside a PR crystal is modeled by the Kukhtarev equations ͓10͔. These equations can be reduced to the following potential equation:
using a few well-justified approximations ͓11͔. Here is the relaxation time of the crystal, E e is the external biasing field, k B is the Boltzmann constant, T is the temperature, and q is the elementary charge. The background illumination, also necessary for the formation of spatial solitons, is now added to the total light intensity. In the case = 0 the potential can be calculated just as in the well-known case of incoherent copropagating light beams. Substituting Eq. ͑2͒ into Eq. ͑3͒ and setting =0 yields
where E e x is the x component of E e and = k B T / q is the diffusion potential. Here we have neglected the derivatives of 0 and I 0 with respect to z, because the beams typically used in experimental setups have a diameter of about 10 m, i.e., 0 and I 0 vary in the x direction on a length scale of 10 m, whereas in the z direction they vary on the length scale of the diffraction length L D Ϸ 2 mm. Therefore, in steady state, i.e., when setting ‫ץ‬ t 0 = 0, one obtains the wellknown result
Note that we have chosen the coordinate system such that the z direction is always parallel to the direction of propagation of the beams. Hence E 0 is parallel to the x direction, because variations of the light intensity in the z direction are small and hence both drift and diffusion terms in the z direction can be neglected. Under normal experimental conditions Ͻ 0.05x 0 ͉E e ͉, where x 0 =10 m is the beam size, which means that E 0 is well approximated by E 0 =−xE e x I 0 / ͑1+I 0 ͒, i.e., for room temperature and = 0 diffusion of the charge carriers plays only a minor role. Hence, in that case a local isotropic solution to the space charge field is obtained. However, it has been shown that the term ‫ץ‬ x I 0 / ͑1+I 0 ͒, which causes self-bending of the beams, can be of crucial importance for counterpropagating beams ͓12͔, particularly for longer propagation lengths, if ␣ ഛ 5°.
In the case of mutually coherent CP beams, i.e., Ͼ0, substituting expression ͑2͒ into Eq. ͑3͒, separating the slow and fast oscillating parts, and keeping the terms up to the first order in , one finds that E 0 is again given by Eq. ͑3͒, and that + solves
where m =2FB * / ͑1+I 0 ͒ is the modulation depth. This fairly complicated equation can be simplified by noticing that it contains terms of different orders of magnitude. On the one hand there are the terms proportional to k 2 =4 / 2 , where is the wavelength in the medium, typically around 200 nm. On the other hand there are the terms containing ‫ץ‬ x derivatives. Since , I 0 , and m vary in the x direction on the length scale of the size of the beam, i.e., 10 m, their partial derivatives can be neglected. Therefore, only the terms proportional to k 2 and the term ikE e z ͑1+I 0 ͒m need to be taken into account. Thus we get
͑7͒
The steady state solution is + =−͓ + iE e z / ͑2k͔͒m; hence
and
Even for the values of E e z as high as several kV/cm, k is bigger than E e z , which means that the modulated part of the field in the z direction, E z , is diffusion dominated.
With Eqs. ͑5͒, ͑8͒, and ͑9͒ we have a closed set of equations that gives us the space charge field inside the crystal to a good approximation. It remains to find out how the space charge field changes the refractive index and thus influences the propagation of beams. The fact that the ͑birefringent͒ crystal is tilted with respect to the direction of propagation of the beams has to be taken into account. Linear optics gives us the effective refractive index of the crystal: n eff 2 = n 33 2 n 11 2 − n 13 4 n 33 2 sin 2 ␣ + n 11 2 cos 2 ␣ + 2n 13 2 sin ␣ cos ␣ , ͑10͒
where 0 ͕n ij 2 ͖ is the dielectric tensor. n 33 is the index of refraction for the beams polarized parallel to the crystal ĉ axis and n 11 is the index for the beams polarized perpendicular to ĉ. ␣, as mentioned above, is the angle by which the crystal is tilted with respect to the direction of propagation of the beams ͑see Fig. 1͒ . To show how the modulated and unmodulated parts of the space charge field influence n eff we take the SBN:75 crystal as an example. The generalization to other photorefractive crystals is straightforward.
In SBN:75 the refractive index can be influenced by the three components of the electro-optic tensor: r 33 = 1340 pm/ V, r 13 = 67 pm/ V, and r 42 = 42 pm/ V. where 0 ͕ñ ij ͖ is the unperturbed dielectric tensor a ij = ‫ץ‬n eff 2 / ‫ץ‬n ij 2 , and E 0 is given by Eq. ͑5͒. The propagation equations of the beam envelopes in the paraxial approximation are then given by
where we have neglected the terms proportional to ‫␦ץ‬n 0 2 / ‫␣ץ‬ and ‫␦ץ‬n m 2 / ‫,␣ץ‬ as they only result in weak self-bending of the beams, which is an effect already taken into account by the second term in Eq. ͑5͒.
It is important to distinguish between the real and imaginary parts of ␦n m 2 , because of the fact that when the Bragg grating inside the crystal is / 2 phase shifted with respect to the intensity grating, the backward beam gets stronger as it travels through the crystal, while the forward beam gets depleted. In other words, the imaginary part of ␦n m 2 breaks the z → −z symmetry between the forward and the backward propagating beams and induces energy transfer between them.
In Fig. 2 we show the unmodulated part ␦n 0 2 of the refractive index change for crystals tilted at different angles ␣, calculated using Eqs. ͑5͒ and ͑11͒. It can be seen that it is the strongest for ␣ = 0°, as should be expected. This configuration is typically employed in the investigations of spatial solitons. For ␣ = 90°, which is the standard configuration for experiments on pattern formation, it almost vanishes, owing to the small value of r 42 .
Using Eqs. ͑8͒, ͑9͒, and ͑11͒ leads to the modulated part ␦n m 2 of the refractive index change shown in Fig. 3 . It can be seen that the imaginary part is dominant for tilted crystals ͑by a factor of about 10͒, i.e., the symmetry between the forward and the backward beams is broken. Furthermore, ␦n m 2 is the strongest at some intermediate value of ␣. Therefore, in experiments where a strong transfer of energy from one beam to the other is desired, it might be useful to tilt the crystal by ␣ Ϸ 45°.
To confirm observations concerning the dependence of ␦n m 2 on ␣, we plot in Fig. 4 the amplitude and the phase of ␦n m 2 at x = 0, as functions of ␣. It can be seen that the amplitude is the biggest for the value of ␣ Ϸ 45°, and that even for small angles the phase is close to / 2. This means that the energy transfer from one beam to the other has to be taken into account.
Thus, we can state that the counterpropagation of coherent beams in biased photorefractive crystals combines the features of both soliton formation without energy exchange and two-wave mixing in photorefractive media, namely, selffocusing by the unmodulated part ␦n 0 2 of the refractive index change and energy exchange by the modulated part, which is ϳ / 2 phase shifted with respect to the modulation of the light intensity.
To see whether the combination of these features leads to a propagation behavior that is a mixture of self-focusing and pattern formation, we simulated the counterpropagation of two beams with initial profiles F = B = 0.3 exp͓−x 2 / ͑2 2 ͔͒ with =4 m. We assumed an angle ␣ = 10°and an external voltage of E e = 3 kV/ cm. We considered a 1 mm thin slice of an SBN:75 crystal. The result of the simulation is presented in Fig. 5 . Figures 5͑a͒ and 5͑b͒ show how the profiles of the beams change as they propagate. ͑a͒ shows the forward beam and ͑b͒ the backward beam, with their direction of propagation being indicated by arrows on the side of the plots. FIG. 5. Counterpropagation of two beams in a 1 mm long crystal. The crystal is assumed to be tilted by ␣ = 10°with respect to the propagation direction. ͑a͒ shows the evolution of the forward beam ͑propagating from bottom to top͒; ͑b͒ shows the backward beam ͑propagating in the opposite direction͒. ͑c͒ shows the profile of the forward beam as it leaves the crystal. In ͑d͒ the dashed line shows the backward beam leaving the crystal after linear propagation, whereas the solid line shows it after nonlinear propagation.
see that on the one hand the backward beam gets amplified while propagating through the crystal; on the other hand the self-focusing effect of the nonlinearity is also clearly visible. For this simulation we set T = 300 K. The effect of the selfbending is weak due to the short propagation distance. However, its effects are clearly visible in the asymmetry of the beam profile in Fig. 5͑c͒ .
In conclusion, we have found that the counterpropagation of light beams in biased crystals tilted with respect to the propagation direction of the beams induces a Bragg grating in the refractive index of the crystal, which produces a strong influence on the propagation of beams. The strength of the grating strongly depends on the angle by which the crystal is tilted, whereas its phase is always close to / 2, except for very small angles. As a consequence, the tilted biased photorefractive crystal can exhibit a combination of features connected with soliton formation on the one hand and with pattern formation on the other hand.
